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2connect the states (y) = U (y; x)(x). These operators
must satisfy consistency conditions
U (z; y)U (y; x) = U (z; x); U (x; x) = 1
We must note that there is no canonical way of choos-
ing states (x) to describe the system in the Hilbert space
H
x
. If we were to apply a unitary operator to all vectors
(x);  (x) etc. in H
x
, the resulting states are equally
well suited to describe the system provided the observ-
ables acting in H
x
are similarly changed. In other words,
we assume the structure or gauge group acting on the
ber to be the group of all unitary operators.
B. The Connection
Let us choose a complete orthonormal set 

in the





(0). The sets 

(x) = U (x; 0)

(0) then are
complete orthonormal sets in all the other spaces H
x
.











(x) are the complex coeÆcients of expansion.








(x) =  
1
(x) +  
2
(x) (2)
and multiplied with smooth functions
(c )(x) = c(x) (x) (3)
Let 
  be the tensor product of the space  of all 1-
forms on the base M and  . A connection on this bundle
is a mapping D :  ! 














(x) is a basis in   we can express D(
n



















(x) are the Christoel symbols















where the complex matrix !
mn
can be obtained by taking














This matrix of one-forms is called the connection matrix.
We require D to satisfy Leibniz rule
D(;  ) = (D; ) + (;D ) = d(;  ) (8)










Under a change of basis

n









































































































One may also note the Bianchi identity
d
 = 
 ^ !   ! ^ 
 (16)
III. PARALLEL SECTION AND THE
FUNDAMENTAL CONNECTION
We now make the fundamental assumption that a sys-
tem observed by dierent observers is represented by par-
allel sections. Let 
m
(x) be a family of parallel sections,
that is





(x) = 0 (18)
3everywhere.
We shall now see how does the connection matrix look
like with respect to the basis of constant sections. The
advantage of using constant sections is that one can give
up the bundle picture altogether and identify all Hilbert
spaces together to work in one common space. The con-
stant section physically means that the state is repre-
sented by the same constant vector by all observers. This
is the most general denition of the Heisenberg picture.
To get constant sections we use the fact that paral-
lel sections are constructed by applying transformation
U (x; 0) on (0) for all x.

m
(x) = U (x; 0)
m
(0) = U (x)
m
(0) (19)
We can choose 
m



































which, as expected, is pure gauge.
IV. GALILEAN FRAMES
Let us consider a particle of mass m in one space di-
mension. We use units where c = h = 1. We consider
the basis of sharp momentum states jki such that




jki = Æ(k   k
0
) (23)























The boosts act as
U








where K is the boost generator. The lie algebra of the
Galilean group is
[P;H] = 0; [K;H] = iP
[K;P ] = imI (28)
The algebra is not closed. This is because unitary rep-
resentation of the Galilean group in H is projective. The
position operator X is related to K[10] as
K = mX (29)











in a variety of ways. We choose the following convention
which corresponds to the transformations
x
0
= x  t  
t
0
= t   
v
0
= v   
(31)
between frame S and S
0
. If we take the standard frame























(0; 0; 0) (33)
























The curvature is zero, as it should be for a pure gauge




= d! + ! ^ ! = 0 (35)
This implies the following equations
i
_
P = [P;H] (36)
i
_
X = [X;H] (37)
[X;P ] = i (38)
Equations (34) and (35) are just the Heisenberg equations
of motion for operators P and X while the third is the
canonical commutation relation for X and P .
One may argue that these equations are just repro-
ductions of the algebra. Indeed the algebra is used in
the calculation of the curvature. What is new is that in
this dierential geometric language all the information is
contained in a single zero curvature equation.
4V. ACCELERATED FRAMES AND PSEUDO
FORCES
Acceleration implies changing from one Galilean frame
to another after every innitesimal amount of time. This
can be seen as a curve on the base manifold parametrized
by time. We assume that an observer in the accelerating
frame uses the same Hilbert space to describe a physical
system as the observer at the base manifold point with
which it coincides at each instant t. Moreover they assign
the same state to the system[11].
A. Linearly accelerated frame and equivalence
principle
The question of whether the principle of equivalence
in classical mechanics also holds in quantum mechanics
was discussed by C.J. Eliezer and P.G. Leach[12]. They
studied the transformation of the Schrodinger equation
under a change from an inertial frame of reference S to
a uniformly accelerating one S
0












be the change of coordinates to an accelerated frame.
Then he equivalence principle holds provided the phase
of the wavefunction of the system is redened by a time
dependent expression. This means that the Schrodinger

















































The phase factor has been chosen precisely to obtain
equivalence principle. There is no explanation put for-
ward for this factor.
In our formalismwe nd that the equivalence principle
must hold in quantum mechanics in a straightforward
manner. There is no need for any other condition such as
the redenition of the wavefunction by a time-dependent
phase factor, like the one seen above.
Consider an observer in a linearly accelerated frame of
reference. The linear acceleration corresponds to a curve







v = gt (44)
The parallel section is again specied by







The rate of change of the vector along the curve should













































jt; x; v; ki
(46)
where P (v) = k   mv and X(x) = X + x. Thus, the
system \sees" an extra potential X(x)mg which is the
expected linear \gravitational" potential term. This is
manifestation of the equivalence principle in quantum
mechanics.
The validity of the equivalence principle in the quan-
tum regime has been experimentally tested in some beau-
tiful experiments done with neutron interference[13].
B. Rotating frame, coriolis and centrifugal forces
Consider a frame of reference S
0
which is rotating with
constant angular velocity ! and radius r about the origin
of coordinates on the xy plane of a frame S. The two
frames are related as follows: we wait for time t, translate
by r direction, rotate by angle  = !t and nally give a
boost in the y
0
direction by velocity v.


































is the angular momentum op-
erator. The curve on the base manifold parametrized by
t is
r = (r cos ; r sin )













is a frame which is rotating with angular velocity
! about origin of frame S with radius r.
The Hamiltonian H as seen by an observer in the ro-
tating frame is given by the rate of change of the vectors



























































Thus the expected centrifugal and coriolis forces ap-
pear in the Hamiltonian. Since coriolis force does no work
it cannot appear as an explicit potential term. Rather it
appears as a connection in the canonical momentum.
VI. DISCUSSION
The bundle viewpoint is hinted in Dirac's work as early
as 1932. In a most inuential paper The Lagrangian in
quantum mechanics[14] Dirac puts forth the following ar-
gument: Let q(t) be a complete set of commuting observ-
ables in the Heisenberg picture. The set of eigenvalues q
0
at each t forms a manifoldM giving rise to \spacetime"
B M  T where T represents the time axis.





; t). This can be interpreted as a section from the
base B into a Hilbert space. Let c :  ! (q
0
( ); t( )) be


















; tj = hq
0
; tjH




Thus the change of a basis vector along the curve is
dhq
0
; tj = ihq
0
; tj dS
dS = P (t)dq
0
 Hdt
Thus in the bundle formalism Dirac's Lagrangian can
be seen as an operator -valued 1-form on the Hilbert
vector bundle whose base manifold is spanned by the
eigenvalues q
0
of a complete set of commuting opera-
tors q(t) specied at all times and the standard bre is
Hilbert space. The components of this 1-form are just





; tj is assumed to be parallel then evolu-
tion can be seen as parallel transport. This is the theme
on which our present work is based.
Asorey et al. [1] consider a Hilbert bundle with positive
time axis R
+
as the base manifold. Another viewpoint is
that of Prugovecki[2] and Drechsler and Tuckey[3] whose
bundle is the associated vector bundle for the princi-
ple bundle with Poincare group as structure group over
spacetime base manifold. The Hilbert space considered
by them is the space of square integrable functions over







> 0). This approach allows them to
consider parallel transport over curved spaces with pos-
sible applications to quantum gravity.
Dirk Graudenz[4] also has a Hilbert bundle with space-
time base. Our approach agrees with that of Graudenz
in that description of a physical system is always descrip-
tion by one observer. Yet another construction is given
by G. Sardanashvily[5] who consider aC

-algebra at each
point of the time axis R.
Our geometric construction is dierent from others in
the literature. For us the base manifold consists of all
frames of reference. This means actually having a group
of symmetry transformations as the base manifold with
a frame of reference associated with each point on it. We
have considered the case of Galilean group which makes
the application specic to quantum mechanics.
Our objective here is to present a new geometric view-
point from which implies the validity of the equivalence
principle in quantum mechanics. We have demonstrated
this both for linearly accelerating and rotating frames.
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